We first examine the generalized Hyers-Ulam stability of functional inequality associated with module Jordan left derivation resp., module Jordan derivation . Secondly, we study the functional inequality with linear Jordan left derivation resp., linear Jordan derivation mapping into the Jacobson radical.
Introduction and Preliminaries
Let A be an algebra over the real or complex field F and let M a left A-module resp., Abimodule . An additive mapping d : A→M is said to be a module left derivation resp., module derivation if d xy xd y yd x resp., d xy xd y d x y holds for all x, y ∈ A. An additive mapping d : A→M is called a module Jordan left derivation resp., module Jordan derivation if d x 2 2xd x resp., d x 2 xd x d x x is fulfilled for all x ∈ A. Since A is a left A-module resp., A-bimodule with the product giving the module multiplication resp., two module multiplications , the module left derivation resp., module derivation d : A→A is a ring left derivation resp., ring derivation and the module Jordan left derivation resp., module Jordan derivation d : A→A is a ring Jordan left derivation resp., ring Jordan derivation . Furthermore, if the identity d λx λd x is valid for all λ ∈ F and all x ∈ A, then d is a linear left derivation resp., linear derivation, linear Jordan left derivation, and linear Jordan derivation .
It is of interest to consider the concept of stability for a functional equation arising when we replace the functional equation by an inequality which acts as a perturbation of the equation. The study of stability problems had been formulated by Ulam 
for all x, y ∈ X, then there exists a unique additive map T : X→Y such that 
then f satisfies the Jordan-von Neumann functional equation
Moreover, Fechner 17 and Gilányi 18 showed the generalized Hyers-Ulam stability of the functional inequality 1.3 .
The main purpose of the present paper is to offer the generalized Hyers-Ulam stability of functional inequality associated with module Jordan left derivation resp., module Jordan left derivation . In addition, we investigate the functional inequality with linear Jordan left derivation resp., linear Jordan derivation mapping into the Jacobson radical.
Functional inequalities for module Jordan left derivations
Throughout this paper, we assume that k is a fixed positive integer.
Theorem 2.1. Let A be a normed algebra and let M be Banach left
Proof. Setting x 0 in 2.1 and using the Park's result 19 , we see that f is additive. Letting u v 0 and w x 2 in 2.1 gives
for all x ∈ A, which implies that f x 2 2xf x for all x ∈ A. So we conclude that f is a module Jordan left derivation. This completes the proof of the theorem.
We now establish the generalized Hyers-Ulam stability of functional inequality associated with module Jordan left derivation.
Theorem 2.2. Let A be a normed algebra and let M be a Banach left A-module. Suppose that f : A→M is a mapping for which there exists a function
for all x ∈ A.
Proof. Letting u v w x 0 in 2.3 , we get
Since lim n→∞ 4 n Φ 0, 0, 0, 0 0, we have Φ 0, 0, 0, 0 0. Hence f 0 0. Let us take u v x, w −2x and x 0 in 2.3 . Then we obtain
for all x ∈ A. Replacing x by −x/2 in the previous part, we get
for all x ∈ A. Letting u x, v −x and w x 0 in 2.3 , we arrive at
for all x ∈ A. Therefore by 2.7 and 2.8 , we have
for all integers l, m with m > l ≥ 0 and all x ∈ A. It follows that for each x ∈ A the sequence {2 n f x/2 n } is Cauchy and so it is convergent, since M is complete. Let d : A→M be a mapping defined by x ∈ A ,
2.10
By letting l 0 and passing m→∞, we get inequality 2.4 . First of all, we note from 2.8 that
for all x ∈ A. So we have d −x −d x for all x ∈ A. Letting u x, v y, w −x − y and x 0 in 2.3 , we find that
for all x, y ∈ A. We obtain by 2.12 that
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for all x, y ∈ A, that is, d is additive. Setting u v 0 and w x 2 in 2.3 yields
for all x ∈ A. Using inequality 2.14 , we get 
Proof. By the same reasoning as in the proof of Theorem 2.2, we find that
If we take u v x, w −2x and x 0 in 2.3 , then we get
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for all x ∈ A. Making use of 2.21 and 2.22 , we have
for all integers l, m with m > l ≥ 0 and all x ∈ A. So the sequence {f 2 n x /2 n } is Cauchy. Since M is complete, the sequence {f 2 n x /2 n } converges. Let d : A→M be a mapping defined by
By letting l 0 and sending m→∞ in 2.9 , we obtain the inequality 2.18 . The remaining part of the proof can be carried out similarly as in that of the previous theorem.
Remark 2.4. Let f be a mapping from a normed algebra A into a Banach A-bimodule M. As in the previous theorems, we can prove that if f satisfies the functional inequality
then f is a module Jordan derivation and under suitable condition of Φ, we can obtain the generalized Hyers-Ulam stability of the functional inequality
Jacobson radical ranges of Jordan left derivations
Every ring left derivation resp., ring derivation on ring is a Jordan left derivation resp., ring Jordan derivation . Proof. Let α 1 ∈ U in 3.1 . By Theorem 2.1, f is a ring Jordan left derivation. Setting v −αu and w x 0 in 3.1 , we get αf u f αu for all u ∈ A and all α ∈ U. Clearly, f 0x 0 0f x for all x ∈ A. Let us assume that λ is a nonzero complex number and that L a positive integer greater than |λ|. Then by applying a geometric argument, there exist λ 1 , λ 2 ∈ U such that 2 λ/L λ 1 λ 2 . In particular, by the additivity of f, we obtain f x/2 1/2 f x for all x ∈ A. Thus we have that
for all x ∈ A, so that f is C-linear. Therefore f is a linear Jordan left derivation. Since A is prime, f is a linear left derivation. Note that prime Banach algebras are semiprime according to Brešar and Vukman's result which tell us that f is a linear derivation which maps A into its center Z A . Since Z A is a commutative Banach algebra, the Singer-Wermer conjecture tells us that f| Z A maps Z A into rad Z A Z A ∩ rad A and thus f 2 A ⊆ rad A . Using the semiprimeness of rad A as well as the identity,
for all x, y ∈ A, we have f A ⊆ rad A , that is, f is a linear derivation which maps A into the intersection of its center Z A and its Jacobson radical rad A and so the proof of the theorem is ended. With the help of the Thomas' result 11 , we obtain the following. for all u, v, w, x ∈ A and all α ∈ U {z ∈ C : |z| 1}. Then f maps A into its Jacobson radical rad A .
Proof. Employing the same argument in the proof of Theorem 3.1, we find that f is a linear Jordan derivation. Since A is semiprime, f is a linear derivation. Thomas' result guarantees that f maps A into its Jacobson radical rad A , which completes the proof of the theorem.
Recall that semisimple Banach algebras are semiprime 23 . Based on that fact, the following property can be derived. 
